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SYSTEMS AND METHODS FOR
CLUSTERING TIME SERIES DATA BASED
ON FORECAST DISTRIBUTIONS

FIELD

The technology described in this patent document relates
generally to time series data mining, and more particularly to
clustering time series based on forecast distributions.

BACKGROUND

Clustering time series is often an important task performed
in time series data mining applications. Typically, a historical
data set is used, either directly or indirectly, as the source of
clustering operations. That is, clustering techniques typically
focus on the similarity patterns of time series data that has
already been observed. It may be desirable, however, to pro-
vide time series clustering for a specific time or period of time
in the future based on forecast data, instead of clustering
based on observed data over time.

SUMMARY

In accordance with the teachings described herein, systems
and methods are provided for clustering time series based on
forecast distributions. A system may include one or more
processors and one or more memory devices, the one or more
memory devices including a database for storing time series
data relating to one or more aspects of a physical process. A
forecasting program may be stored in the one or more
memory devices and executable by the one or more proces-
sors, when executed the forecasting program being config-
ured to apply a forecasting model to the time series data to
generate forecasted values and confidence intervals associ-
ated with the forecasted values, the confidence intervals being
generated based on distribution information relating to the
forecasted values. A divergence program may be stored in the
one or more memory devices and executable by the one or
more processors, when executed the divergence program
being configured to generate a distance matrix that identifies
divergence in the forecasted values, the distance matrix being
generated based the distribution information relating to the
forecasted values. The divergence program may generate the
distance matrix using a symmetric Kullback-Leibler diver-
gence algorithm. A clustering program may be stored in the
one or more memory devices and executable by the one or
more processors, when executed the clustering program
being configured to perform a clustering operation on the
plurality of forecasted values based on the distance matrix.

A method for clustering time series based on forecast dis-
tributions may include: receiving time series data relating to
one or more aspects of a physical process; applying a fore-
casting model to the time series data to generate forecasted
values and confidence intervals associated with the forecasted
values, the confidence intervals being generated based on
distribution information relating to the forecasted values;
generating a distance matrix that identifies divergence in the
forecasted values, the distance matrix being generated based
the distribution information relating to the forecasted values;
and performing a clustering operation on the plurality of
forecasted values based on the distance matrix. The distance
matrix may be generated using a symmetric Kullback-Leibler
divergence algorithm.

BRIEF DESCRIPTION OF THE DRAWINGS

FIG. 1 is a block diagram of an example system for clus-
tering time series data based on forecast distributions.

FIGS. 2 and 3 are graphs that help to illustrate why it may
be important to consider distribution information when clus-
tering forecast values.
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FIG. 4 is a block diagram of another example system for
clustering time series data based on forecast distributions.

FIGS. 5-15 provide examples of how the system of F1G. 4
may beused to cluster forecasts at specific points in the future.

FIG. 16 is a block diagram of another example system for
clustering time series data based on forecast distributions.

FIG. 17 depicts an example of forecasting lead and clus-
tering lead point parameter values for the system of FIG. 16.

FIG. 18 illustrates a clustered output that may be generated
based on the example parameters from FIG. 17.

FIG. 19 is a flow diagram of an example method for clus-
tering time series data based on forecast distributions.

FIGS. 20A, 20B, and 20C depict examples of systems that
may be used to implement the clustering of time series data
based on forecast distributions.

DETAILED DESCRIPTION

FIG. 1 is a block diagram of an example system 100 for
clustering time series data based on forecast distributions.
The system includes a forecasting block 102, a clustering
block 104, and a symmetric Kullback-Leibler divergence
block 106. In operation, the system 100 receives time series
data 108 relating to one or more aspects of a physical process,
such as time series data relating to inventory items, time series
datarelating to sales, and/or other suitable types of time series
data. The forecasting block 102 then applies a forecasting
model to the time series data to generate forecasts and asso-
ciated confidence intervals 110. The forecasts 114 are passed
to the clustering block 104, and forecast distribution infor-
mation 116 that is used by the forecasting block 102 in the
calculation of the confidence intervals is passed to the sym-
metric Kullback-Leibler divergence block 106 for use in the
generation of a distance matrix 118 that identifies divergence
in the forecasts. The distance matrix 118 is then used by the
clustering block 104 to perform a clustering operation on the
forecasted values 114 to generate an output 120.

It should be understood that the system blocks 102, 104,
106 illustrated in FIG. 1, as well as system blocks in other
figures described herein, may be programs that are imple-
mented by software instructions executing on one or more
processing devices. In addition, the software blocks may each
be implemented in a single, integrated software application,
or in separate software applications.

The forecasting block 102 may be a software application
that calculates forecasts and their associated confidence inter-
vals 110 based on received time series data 108 utilizing a
forecasting model, such as a moving average (weighted)
model, an exponential smoothing model, an autoregressive
model, an autoregressive integrated moving average model
(ARIMA), or some other suitable type of forecasting model.
The forecasting block 102 may, for example, be implemented
using the SAS® Enterprise Miner™ software sold by SAS
Institute Inc. of Cary, N.C. The forecasts 114 generated by the
forecasting block 102 may be considered predictions over
time, and the uncertainty of each prediction may be expressed
by a confidence interval calculated through a distribution
assumption in the model error term. A Gaussian error
assumption is commonly used for the forecast confidence
interval. Thus, when a forecasting application, such as SAS®
Enterprise Miner™, produces forecast values 114, it also
provides the confidence intervals of forecasts under the
assumption of a Gaussian white noise process. That is, the
confidence intervals of forecast values are calculated by the
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forecasting block 102 from the normal distributions of fore-
casts with their estimated means and variances.

The symmetric Kullback-Leibler divergence block 106 uti-
lizes the forecast distributions 116 used by the forecasting
block 102 in the calculation of forecast confidence intervals to
perform a Kullback-Leibler divergence calculation. How-
ever, because the Kullback-Leibler divergence is not symmet-
ric, and is thus not a metric, block 106 uses a symmetric
version of Kullback-Leibler divergence (as described below)
to calculate the dissimilarity matrix among forecast densities.
The Kullback-Leibler divergence between two forecast den-
sities is obtainable using the same distribution information
used by the forecasting block 102 in generating the confi-
dence intervals. The resulting Kullback-Leibler distance
matrix 118 among all pairs of the forecasted values 114 may
then be used as a forecast clustering input source to the
clustering block 104. In this way, significant processing time
and resources may be saved by utilizing the same distribution
information to generate the distance matrix 118 for clustering
as is used to generate the confidence intervals during the
forecasting process.

The clustering block 104 may be implemented using a
hierarchical clustering algorithm, such as single-link cluster-
ing, average-link clustering or complete-link clustering. It
should be understood, however, that in other examples any
distance-based clustering algorithm may be utilized. The
clustering block 104 may, for example, be implemented using
a software application that enables the user to select a par-
ticular clustering algorithm and/or to specify one or more
parameters of the clustering operation. For instance, the clus-
tering block 104 may be implemented using the SAS®/STAT
or SAS® Enterprise Miner™ software sold by SAS Institute
Inc. of Cary, N.C. In another example, the cluster block 104
may be implemented using a software module that is included
in the same software application as the forecasting block 102
and/or the symmetric Kullback-Leibler divergence block
106. The output 120 generated by the cluster block 104 may,
for example, include report information that illustrates the
results of the hierarchical clustering operation.

To illustrate how the Kullback-Leibler distance matrix 118
may be generated by block 106, suppose that there are two
normal densities, p,:N(u,, 05) and p,:N(u,, o,?), then Kull-
back-Leibler divergence between two densities is defined and
simplified as follows:

M

KLD(py[ | po) =

px) 1
fPl (X)Ingo(x) dx = H[

To
(11— po)* + (0] —ap)] + log—

Since the Kullback-Leibler divergence is not symmetric, a
symmetric version for use in generating the distance matrix
118 may be defined as:

1 2
SKLD(p1, po) = 5{KLD(pi [ | o)+ KLD(po[ | o) 2

As explained above, the forecasting confidence intervals gen-
erated by the forecasting block 102 are calculated based on
normal distribution assumption in error. Therefore, the k-step
ahead forecast, Y ,(k), is assumed to follow N(Y (k), V(Y (k).
For example, if the forecasting block 102 utilizes a simple
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exponential smoothing model, Y, =11, +€,, then the smoothing
equation is: S=0Y +(1-a)S, |, and the k-step ahead forecast
ofY,is S, ie., Y, (k)=S,.

The simple exponential smoothing model uses an expo-
nentially weighted moving average of past values. The model
is equivalent to an ARIMA(0,1,1) model without a constant.
Therefore, the model is: (1-B)Y,=(1-0B)e,, where 6=1-a,
thenY ~e +2,_,“ae, ;. Thus, the variance of Y (k) is:

V0= Pe [ 145, o2 ]= V(e ) [1+(k-1)oC].

Under the assumption that Y (k) follows N(Y (K),V (Y ,(k)),
the Kullback-Leibler divergence of two forecast densities at a
future point may be obtained using equations (1) and (2),
above.

FIGS. 2 and 3 are graphs that help to illustrate why it may
be important to consider distribution information when clus-
tering forecast values. Specifically, the graphs illustrated in
FIGS. 2 and 3 show the reverse relationship between Kull-
back-Leibler distance using mean and variance information
and forecasted values using only mean differences. As shown
in FIG. 2, when two forecast values (predicted mean values)
are the same and the forecast distribution information is
ignored, the two forecast values are clustered into the same
category because the clustering is based on one dimensional
Euclidian distance. However, when a Kullback-Leibler diver-
gence is utilized, clustering may produce a difference result,
even though the one dimensional Fuclidian distance is zero.

As an example, consider retail sales data for two stores. In
the example shown in FIG. 2, the forecast of sales increment
from the two stores is the same (i.e., the predicted mean is
zero), but their standard deviations are different. In this situ-
ation, without considering the forecast distribution, the two
stores would likely be clustered into the same segment and
may thus be assigned the same sales price policy for the next
week. In contrast, the example illustrated in FIG. 3 shows two
different forecasts, one with a zero forecast and the other with
a forecast of 50 (mean=>50), but their standard deviations are
the same (STD=75). If we just consider the predicted mean,
the two stores in the example of FIG. 3 may be classified into
different segments. However, based on Kullback-Leibler
divergence, the stores in FIG. 3 (K-L distance=0.22) are much
closer to each other in sales increment forecasting than the
two stores in the example of FIG. 2 (K-L distance=1.78). That
is, based on the Kullback-Leibler divergence, the two stores
in FIG. 2 are less likely to be clustered into the same segment
than the two stores in FIG. 3, even though the forecast values
for the two stores in FIG. 2 are the same.

FIG. 4 is a block diagram of another example system 200
for clustering time series data based on forecast distributions.
This example further illustrates possible inputs 210, 212 to
the clustering block 104 and the symmetric Kullback-Leibler
divergence block 106. The input 210 to the clustering block
104 may be used to set one or more parameters used by the
clustering algorithm. For instance, a parameter 210 may be
input to the clustering block 104 to specify a fixed number of
clusters. In another example, the number of clusters may be
automatically selected, for example using the Cubic Cluster
Criterion (CCC) in the SAS® Enterprise Minter™ software,
with a parameter 210 being input to provide a CCC cutoff
value. As another example, one or more parameters 210 may
be input to the clustering block 104 to bound the number of
clusters by a specified maximum number and/or a specified
minimum number of clusters.

The input 212 to the symmetric Kullback-Leibler diver-
gence block 106 may be used to define a specific future time
point for calculating the K-L distance matrix 118 or to define
a period of time in the future (i.e., a lead time period) over
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which to calculate the K-L distance matrix 118. An example
illustrating how the system of FIG. 4 may be used to cluster
forecasts at specific points in the future is illustrated in FIGS.
5-15.

FIG. 5 illustrates example parameters that may be provided
to the system in order to cluster forecasts from time series data
at a first point in the future. The parameter “Cluster Lead
Point=1" instructs the system to generate the K-L distance
matrix based on one step ahead forecast distributions. That is,
with reference to FIG. 4, the K-L divergence block 106 will
calculate the K-L distance matrix 118 using the forecast dis-
tribution information for a first time period in the future.

FIG. 6 illustrates a graph 300 of example forecasts gener-
ated over a six month period using time series data associated
with five different database entries (TSID 1-5). For example,
each line on the forecast plot (TSID 1-5) could represent
forecasted sales or inventory units at a different store location
over the six month period. With reference to FIG. 4, the
forecast plot 300 may be generated by the forecast block 102
based on received time series data 108 for the five database
entries (TSID 1-5). With reference again to FIG. 6, the box
310 centered around 1 Jan. 1999 identifies the future time
period (one step ahead in this case) at which the K-L distance
matrix 118 is to be generated using the forecast distribution
information.

FIG. 7 illustrates an example of a K-L. distance matrix 400
that may be generated based on the forecast distributions for
the one step ahead time period 310 shown in FIG. 6. The
illustrated matrix 400 shows K-I. distance values ranging
from 0 to 0.596729. The range of K-L distance values 410
may, for example, be illustrated in the matrix 400 using a
range of colors or shades of the same color. In the illustrated
black-and-white example, however, the range of K-L distance
values 410 is depicted by dividing the range 410 into six
sections, each having a different hashing pattern. It should be
understood, however, that in other examples, the range of K-L,
distance values 410 may instead be represented with more
specificity using a continuous range of colors or other indicia
from the lowest K-L distance value (0 in this example) to the
highest K-L distance value (0.596729 in this example).

FIG. 8 illustrates an example parameter 500 that may be
input to the clustering block along with the K-L. distance
matrix. The parameter 500 sets the input data type to the
clustering block to “distance.” It should be understood that
other parameters may also be provided to the clustering block
to further define and/or customize the clustering operation.

An example output 600 that may be generated by the clus-
tering block is illustrated in FIG. 9. In this example, the time
series data from the five different database entries (TSID 1-5)
has been clustered into three different segments based on the
K-L distance matrix 400 shown in FIG. 7. The clustering
results are illustrated in the form of a pie chart 610 that may be
used to compare the size of the respective cluster segments
and a cluster table 620 that shows which segment (1-3) that
each TSID has been clustered into. As illustrated, the cluster
table 620 may also provides additional information, such as
location information or other information to help identify the
source of each time series database entry.

FIGS. 10-13 illustrate a second example in which the fore-
casts of the time series data are clustered at a later point in the
future. FIG. 10 depicts example parameters to instruct the
system to generate the K-L. distance matrix five time period
steps in the future (Cluster Lead Point=5). The forecasts for
the five example database entries (TSID 1-5) are again shown
in the graph 700 depicted at FIG. 11, with the box 710 now
centered around the five step time period, 1 May 1999, to
identify the time period being clustered. The resultant K-L.
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distance matrix 800 generated based on the forecast distribu-
tions for the fifth time period (1 May 1999) is depicted at F1G.
12. FIG. 13 illustrates an example output 900 from the clus-
tering block that is generated based on the K-[. distance
matrix 800 for the five step time period.

FIGS. 14 and 15 depict bar graphs that may be generated to
compare cluster outputs for the same time series data at two
different future time periods. In the illustrated example, FIG.
14 depicts a graph of the cluster segments generated for the
one step time period in FIG. 9, and FIG. 15 depicts a graph of
the cluster segments generated for the five step time period in
FIG. 13. Comparing the graphs in FIGS. 14 and 15, it can be
seen that from the step one time period (January, 1999) in
FIG. 14 to the step five time period (May, 1999) in FIG. 15,
one TSID has moved from the second cluster segment to the
first cluster segment.

FIG.161s ablock diagram of another example system 1000
for clustering time series data based on forecast distributions.
This example illustrates example inputs 1100, 1200 that may
beused to define a period of time in the future (i.e., a lead time
period) over which to calculate the K-L distance matrix 118
and generate clustered forecasts 120. Specifically, a forecast-
ing lead parameter 1100 may be provided to the forecasting
block 102 that identifies the time period of interest. In addi-
tion, a clustering lead point parameter value 1200 may be
input to the symmetric Kullback-Leibler divergence block
106 to cause the K-L distance matrix 118 to be calculated
based on the summation, average or other linear combination
of forecast distributions 116 over the time period specified by
the forecasting lead parameter 1100. For example, a cluster-
ing lead point value 1200 of zero may instruct the Kullback-
Leibler divergence block 106 that the K-L. distance matrix
118 is to be calculated using the summation over all lead
points.

An example of forecasting lead 1100 and clustering lead
point 1200 parameter values is illustrated in FIG. 17. In the
example of FIG. 17, the forecasting lead parameter is set to 6
and the clustering lead point parameter is set to 0. As an
example, a forecast lead parameter value 1110 of 6 may be
provided to the forecasting block 102 in order to generate
clustered forecasts 120 over the first six time periods (e.g., six
months.) In response to the forecasting lead parameter 1100,
the forecasting block 102 generates a forecast distribution
116 over the specified six time periods. The clustering lead
point parameter of O then instructs the Kullback-Leibler
divergence block 106 to calculate the K-L distance matrix
118 based on the summation of the forecast distributions over
all of the lead points, which in this case will include the first
6 time periods specific by the forecasting lead parameter.

FIG. 18 illustrates a clustered output 1300 that may be
generated based on the example parameters from FIG. 17.
This example 1300 is generated from the same five forecasts
(TSID 1-5) shown in FIGS. 6 and 11. Comparing FIG. 18 with
FIGS. 9 and 13, it can be seen that different clustering results
may be obtained when clustering forecasts at specific clus-
tering lead points and when clustering forecasts over a lead
time period. Specifically, in the illustrated examples, cluster-
ing at a lead point of one (FIG. 9) resulted in TSIDs 3 and 5
being clustered into segment 1, TSIDs 2 and 4 being clustered
into segment 2 and TSID 1 being clustered into segment 3.
When clustered at a lead point of five (FIG. 13), TSIDs 2-4
were clustered into segment 1, TSID 5 was clustered into
segment 2 and TSID 1 was clustered into segment 3. When
clustered over the entire lead time period (FIG. 18), another
result is obtained with TSIDs 2, 3 and 5 being clustered into
segment 1, TSID 4 being clustered into segment 2, and TSID
1 being clustered into segment 3. The ability to consider these
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different forecast clustering results and to compare the fore-
casts clustered at specific lead points with forecasts clustered
over a lead time period, may provide useful information in
making business decisions. For instance, a comparison of the
forecast clustering results may show that the clusters (e.g., the
segmentation of retail stores) vary depending on the business
time or cycle and their objectives.

FIG. 19 is a flow diagram of an example method 1400 for
clustering time series data based on forecast distributions. At
1410, time series data is received relating to one or more
aspects of a physical process, such as time series data relating
to inventory items, time series data relating to sales, and/or
other suitable types of time series data. At 1412, a forecasting
model is applied to the time series data with a forecast lead
value to generate forecasts and associated confidence inter-
vals. The forecasting operation at 1412 may, for example, be
implemented using a moving average (weighted) model, an
exponential smoothing model, an autoregressive model, an
autoregressive integrated moving average model (ARIMA),
or some other suitable type of forecasting model. The fore-
casts and confidence intervals generated by the forecasting
operations are obtained at step 1414.

At 1416, a decision is made as to whether the forecast
clustering is to be performed at a specific future time point
(i.e., alead point) or over a future time period (i.e., a lead time
period). This decision may, for example, be based on one or
more parameter settings, such as a forecasting lead parameter,
as described above. If the forecast clustering is based on a
specific lead point, then the method proceeds to 1418. Oth-
erwise, if the forecast clustering is based on a lead time
period, then the method proceeds to 1422.

If clustering at a specific time point, the specific lead point
is specified at 1418. The specific future time point may, for
example, be specified by one or more parameter settings, such
as a clustering lead point parameter, as described above.
Then, at 1420 a K-L distance matrix is calculated using the
forecast densities at the specified lead point. Otherwise, if
clustering over a future time period, the K-L distance matrix
is calculated at 1422 using a summation, average, or some
other linear combination of forecasts over the lead time
period. In either case, the K-L distance matrix may be calcu-
lated using a symmetric Kullback-Leibler divergence algo-
rithm that utilizes the same distribution information that is
used during the forecasting process to generate the confi-
dence interval.

At 1424, the K-L distance matrix from 1420 or 1422 is
provided to a clustering algorithm to generate a clustered
output at 1426. The clustering operation at 1424 may be
implemented using a hierarchical clustering algorithm, such
as single-link clustering, average-link clustering or complete-
link clustering, or in other examples may be implemented
using another distance-based clustering algorithm.

It should be understood that similar to the other processing
flows described herein, one or more of the steps and the order
in the flowchart may be altered, deleted, modified and/or
augmented and still achieve the desired outcome.

FIGS. 20A, 20B, and 20C depict examples of systems that
may be used to implement the clustering of time series data
based on forecast distributions. For example, FIG. 20A
depicts an example of a system 2000 that includes a standa-
lone computer architecture where a processing system 2002
(e.g., one or more computer processors) includes a forecast-
ing program 2003, a symmetric K-I, divergence program
2004 and a clustering program 2005 being executed on it. The
processing system 2002 has access to a computer-readable
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memory 2006 in addition to one or more data stores 2008. The
one or more data stores 2008 may include received time series
data 2010.

FIG. 20B depicts a system 2020 that includes a client
server architecture. One or more user PCs 2022 access one or
more servers 2024 running a forecasting program 2025, a
symmetric K-L. divergence program 2026 and a clustering
program 2029 on a processing system 2027 via one or more
networks 2028. The one or more servers 2024 may access a
computer readable memory 2030 as well as one or more data
stores 2032. The one or more data stores 2032 may contain
received time series data 2034.

FIG. 20C shows a block diagram of an example of hard-
ware for a standalone computer architecture 2050, such as the
architecture depicted in FIG. 20A that may be used to contain
and/or implement the program instructions of system
embodiments of the present invention. A bus 2052 may con-
nect the other illustrated components of the hardware. A
processing system 2054 labeled CPU (central processing
unit) (e.g., one or more computer processors), may perform
calculations and logic operations required to execute a pro-
gram. A processor-readable storage medium, such as read
only memory (ROM) 2056 and random access memory
(RAM) 2058, may be in communication with the processing
system 2054 and may contain one or more programming
instructions for performing the method of clustering time
series data based on forecast distributions. Optionally, pro-
gram instructions may be stored on a computer readable
storage medium such as a magnetic disk, optical disk, record-
able memory device, flash memory, or other physical storage
medium. Computer instructions may also be communicated
via a communications signal, or a modulated carrier wave.

A disk controller 2060 interfaces one or more optional disk
drives to the system bus 2052. These disk drives may be
external or internal floppy disk drives such as 2062, external
or internal CD-ROM, CD-R, CD-RW or DVD drives such as
2064, or external or internal hard drives 2066. As indicated
previously, these various disk drives and disk controllers are
optional devices.

Each of the element managers, real-time data buffer, con-
veyors, file input processor, database index shared access
memory loader, reference data buffer and data managers may
include a software application stored in one or more of the
disk drives connected to the disk controller 2060, the ROM
2056 and/or the RAM 2058. Preferably, the processor 2054
may access each component as required.

A display interface 2068 may permit information from the
bus 2052 to be displayed on a display 2070 in audio, graphic,
or alphanumeric format. Communication with external
devices may optionally occur using various communication
ports 2072.

In addition to the standard computer-type components, the
hardware may also include data input devices, such as a
keyboard 2073, or other input device 2074, such as a micro-
phone, remote control, pointer, mouse and/or joystick.

This written description uses examples to disclose the
invention, including the best mode, and also to enable a per-
son skilled in the art to make and use the invention. The
patentable scope of the invention may include other
examples. Additionally, the methods and systems described
herein may be implemented on many different types of pro-
cessing devices by program code comprising program
instructions that are executable by the device processing sub-
system. The software program instructions may include
source code, object code, machine code, or any other stored
data that is operable to cause a processing system to perform
the methods and operations described herein. Other imple-
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mentations may also be used, however, such as firmware or
even appropriately designed hardware configured to carry out
the methods and systems described herein.

The systems’ and methods’ data (e.g., associations, map-
pings, data input, data output, intermediate data results, final
data results, etc.) may be stored and implemented in one or
more different types of computer-implemented data stores,
such as different types of storage devices and programming
constructs (e.g., RAM, ROM, Flash memory, flat files, data-
bases, programming data structures, programming variables,
IF-THEN (or similar type) statement constructs, etc.). It is
noted that data structures describe formats for use in organiz-
ing and storing data in databases, programs, memory, or other
computer-readable media for use by a computer program.

The computer components, software modules, functions,
data stores and data structures described herein may be con-
nected directly or indirectly to each other in order to allow the
flow of data needed for their operations. It is also noted that a
module or processor includes but is not limited to a unit of
code that performs a software operation, and can be imple-
mented for example as a subroutine unit of code, or as a
software function unit of code, or as an object (as in an
object-oriented paradigm), or as an applet, or in a computer
script language, or as another type of computer code. The
software components and/or functionality may be located on
a single computer or distributed across multiple computers
depending upon the situation at hand.

It should be understood that as used in the description
herein and throughout the claims that follow, the meaning of
“a,” “an,” and “the” includes plural reference unless the con-
text clearly dictates otherwise. Also, as used in the description
herein and throughout the claims that follow, the meaning of
“in” includes “in” and “on” unless the context clearly dictates
otherwise. Finally, as used in the description herein and
throughout the claims that follow, the meanings of “and” and
“or” include both the conjunctive and disjunctive and may be
used interchangeably unless the context expressly dictates
otherwise; the phrase “exclusive or” may be used to indicate
situation where only the disjunctive meaning may apply.

It is claimed:
1. A computer-implemented method, comprising:
accessing a set of variables, wherein accessing is per-
formed at a computing device;
accessing time series data with respect to each of the vari-
ables of the set;
with respect to each of the variables of the set, forecasting
values and determining a distribution of the forecasted
values, wherein forecasting includes using a forecasting
model and the time series data accessed with respect to
each of the variables;
identifying all possible variable pairs, wherein each of the
variable pairs consists of two of the variables of the set;
with respect to each of the variables pairs, calculating a
divergence metric using the distributions of the fore-
casted values for the variables of the respective variable
pair; and
defining clusters such that at least one of the clusters includes
two or more of the variables of the set, wherein defining the
clusters is performed using a hierarchical clustering algo-
rithm and is based on the calculated divergence metrics,
wherein each of the divergence metrics is a symmetric Kull-
back-Leibler divergence metric, wherein, with respectto each
of the variable pairs, the calculated symmetric Kullback-
Leibler divergence metric is equal to:
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1
5 AKLD(o1Tlpy) + KLDpolTpy ).

wherein:

1 a0
KLD(pyTlpy) = = [(gy = t)” + (0] — 05)] + log—;
207 [en
and

1 les
KLD(pollpy) = — (o — 1) + (03 — )] + log—,
205 To

and wherein:

0, is the standard deviation of the forecasted values for a first
one of the variables of the variable pair, o, is the standard
deviation of the distribution of forecasted values for the other
variable of the variable pair, |, is the average value of the
forecasted values for the first one of the variables of the
variable pair, and , is the average value of the forecasted
values for the other variable of the variable pair.

2. The method of claim 1, wherein the forecasting model
includes at least one of:

an exponential smoothing model;

a moving average model;

an autoregressive model; or

an autoregressive integrated moving average model.

3. The method of claim 1, wherein the hierarchical cluster-
ing algorithm includes at least one of a single-link clustering
algorithm, an average-link clustering algorithm, or a com-
plete-link clustering algorithm.

4. The method of claim 1, further comprising:

applying a common pricing policy based on at least one of

the defined clusters.

5. The method of claim 1, further comprising:

receiving a clustering parameter specifying a number of

clusters, wherein defining the clusters is based on the
clustering parameter.

6. The method of claim 1, further comprising:

generating a distance matrix based on the Kullback-Leibler

divergence metrics.

7. A computer-implemented system, comprising:

one or more data processors; and

one or more non transitory computer-readable storage

media containing instructions operable to cause the one
or more processors to perform operations including:
accessing a set of variables;

accessing time series data with respect to each of the vari-

ables of the set;

with respect to each of the variables of the set forecasting

values and determining a distribution of the forecasted
values, wherein forecasting includes using a forecasting
model and the time series data accessed with respect to
each of the variables;

identifying all possible variable pairs, wherein each of the

variable pairs consists of two of the variables of the set;

with respect to each of the variables pairs, calculating a

divergence metric using the distributions of the fore-
casted values for the variables of the respective variable
pair; and
defining clusters such that at least one of the clusters includes
two or more of the variables of the set, wherein defining the
clusters is performed using a hierarchical clustering algo-
rithm and is based on the calculated divergence metrics,
wherein each of the divergence metrics is a symmetric Kull-
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back-Leibler divergence metric, wherein, with respectto each
of the variable pairs, the calculated symmetric Kullback-
Leibler divergence metric is equal to:

1
5 AKLD(o1Tlpy) + KLD(poTTy ).

wherein:

1 o
KLD(pyTlpg) = — [ty = o) + (0] — )] + log—
2071 a1
and

1 o
KLD(polpy) = = (o — 1) + (0 ~ )] + log .
207 0o

and wherein:

0, is the standard deviation of the forecasted values for a first
one of the variables of the variable pair, o, is the standard
deviation of the distribution of forecasted values for the other
variable of the variable pair, |, is the average value of the
forecasted values for the first one of the variables of the
variable pair, and y, is the average value of the forecasted
values for the other variable of the variable pair.

8. The system of claim 7, wherein the forecasting model
includes at least one of:

an exponential smoothing model;

a moving average model;

an autoregressive model; or

an autoregressive integrated moving average model.

9. The system of claim 7, wherein the hierarchical cluster-
ing algorithm includes at least one of a single-link clustering
algorithm, an average-link clustering algorithm or a com-
plete-link clustering algorithm.

10. The system of claim 7, wherein the operations further
include applying a common pricing policy based on at least
one of the defined clusters.

11. The system of claim 7, wherein the operations further
include:

receiving a clustering parameter specifying a number of

clusters,

and wherein defining the clusters is performed based on the

clustering parameter.

12. A computer-program product tangibly embodied in a
non-transitory machine-readable storage medium, the com-
puter-program product including instructions operable to
cause a data processing apparatus to perform operations
including:

accessing a set of variables;

accessing time series data with respect to each of the vari-

ables of the set;

with respect to each of the variables of the set, forecasting

values and determining a distribution of the forecasted
values, wherein forecasting includes using a forecasting
model and the time series data accessed with respect to
each of the variables;

identifying all possible variable pairs, wherein each of the

variable pairs consists of two of the variables of the set;

with respect to each of the variables pairs, calculating a

divergence metric using the distributions of the fore-
casted values for the variables of the respective variable
pair; and
defining clusters such that at least one of the clusters includes
two or more of the variables of the set, wherein defining the
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clusters is performed using a hierarchical clustering algo-
rithm and is based on the calculated divergence metrics,
wherein each of the divergence metrics is a symmetric Kull-
back-Leibler divergence metric, wherein, with respectto each
of the variable pairs, the calculated symmetric Kullback-
Leibler divergence metric is equal to:

1
5 AKLD(o1Tlpy) + KLDpolTpy ).

wherein:

1 o
KLD(pyTlpg) = — (1 — o)? + (07} — o)] + log—;
207 o
and

1 les
KLD(pollp)) = —[(sto — p1)* + (0 = )] + log—,
207 0o

and wherein:

0, is the standard deviation of the forecasted values for a first
one of the variables of the variable pair, o, is the standard
deviation of the distribution of forecasted values for the other
variable of the variable pair, |, is the average value of the
forecasted values for the first one of the variables of the
variable pair, and , is the average value of the forecasted
values for the other variable of the variable pair.

13. The computer-program product of claim 12, wherein a
forecasting model includes at least one of:

an exponential smoothing model;

a moving average model;

an autoregressive model; or

an autoregressive integrated moving average model.

14. The computer-program product of claim 12, wherein
the hierarchical clustering algorithm includes at least one of a
single-link clustering algorithm, an average-link clustering
algorithm or a complete-link clustering algorithm.

15. The computer-program product of claim 12, wherein
the operations further include:

applying a common pricing policy based on at least one of

the defined clusters.

16. The computer-program product of claim 12, wherein
the operations further include:

receiving a clustering parameter specifying a number of

clusters,

wherein defining the clusters is based on the clustering

parameter.
17. The method of claim 1, wherein, with respect to each of
the variables of the set:
the forecasted values and the distribution of the forecasted
values are associated with a future time period;

determining the distribution of the forecasted values
includes adding multiple distributions of values,
wherein each of the added distributions is associated
with a particular time during the future time period and
represents one of the forecasted values; and

forecasting the values includes determining the multiple
distributions that are added.

18. The system of claim 7, wherein, with respect to each of
the variables of the set:

the forecasted values and the distribution of the forecasted

values are associated with a future time period;
determining the distribution of the forecasted values
includes adding multiple distributions of values,
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wherein each of the added distributions is associated
with a particular time during the future time period and
represents one of the forecasted values; and

forecasting the values includes determining the multiple
distributions that are added. 5

19. The computer-program product of claim 12, wherein,

with respect to each of the variables of the set:

the forecasted values and the distribution of the forecasted
values are associated with a future time period;

determining the distribution of the forecasted values 10
includes adding multiple distributions of values,
wherein each of the added distributions is associated
with a particular time during the future time period and
represents one of the forecasted values; and

forecasting the values includes determining the multiple 15
distributions that are added.
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